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Abstract
We analyze the zero point energy in a dense matter of quarks or hadrons with particular attention
on the renormalization of the UV divergences. Besides divergences removable by the vacuum
subtraction and counter terms, there are also UV divergences associated with non-perturbative
modifications of quark bases appearing in the in-medium propagators. The latter would remain
after the self-energies and vertices are renormalized, unless a proper set of medium contributions is
included at a given truncation. We use the formalism of the two particle irreducible action to clarify
how the UV divergences are assembled to cancel. An example is given for the thermodynamic
potentials with mesons as composite particles whose zero point energies apparently diverge but
can be cancelled by the quark self-energy contributions. Important applications of this work are
quark matter with hadronic correlations which may be realized at the core of neutron stars.
Keywords:
1. Introduction
The equation of state of cold, dense matter in quantum chromodynamics (QCD) is a crucial
ingredient to understand astrophysical objects such as neutron stars [1]. The equation of state
generally contains the zero point energy, a sum of energies over all possible vacuum fluctuations.
In spatially three dimensions, the zero point energy in a matter has the quartic UV divergence
∼ Λ4UV (ΛUV: UV cutoff) which must be canceled by subtracting out the zero point energy in
vacuum. Since the pressure relevant for phenomenological applications (e.g. neutron stars) is
at most ∼ 1 GeV/fm3 (which is governed by a quark chemical potential µ and the QCD non-
perturbative scale ΛQCD), the UV divergences should be handled in a complete manner, otherwise
the big number would totally contaminate our predictions.
The cancellation of the UV divergences is intricate. The leading contributions are given by the
particles at large energy which are insensitive to the properties of a medium. Thus the resulting
quartic divergences are universal and can be cancelled by a simple vacuum subtraction. But
there would remain the quadratic and logarithmic divergences with the coefficients dependent on
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Figure 1: The single particle contribution of quarks (or baryons) to the thermodynamic potential at high density
(left) and in the vacuum (right). The difference in the Dirac sea results in the quadratic UV divergence ∼ Λ2UV.
a medium. Naive power counting suggests quadratic divergences, e.g.,
∼ (M2med −M2vac)Λ2, ∼ µ2Λ2 , (1)
where the first one is associated with the difference in the medium and vacuum effective masses,
while the second solely depends on the chemical potential.
In perturbative calculations with Feynman diagrams [2, 3], only the UV divergences of the
latter type must be handled. As known from textbook examples [4], for each Feynman graph
the divergences in sub-graphs, such as in the self-energies and vertices, can be made finite by the
vacuum counter terms and the rest of the divergences can be subtracted off by the vacuum graph
with the same topology. Then the resulting contributions are such that the energy of a quark line
is essentially bound by µ. Schematically, with the vacuum subtraction we encounter the following
terms, (
∫
~p
=
∫
d3~p/(2pi)3)∫
~p
F (~p) [θ(E(~p)− µ)− 1] =
∫
~p
F (~p) θ (µ− E(~p)) , (2)
where the first and second terms in the first equation come from the medium and vacuum quark
propagators respectively. With the same renormalized coefficient F (~p) of the mass dimension 1,
they are combined to yield the UV finite contributions. It is very remarkable that the cancellations
are much stronger than expected from the power counting of momenta; not only quartic but also
quadratic and logarithmic divergences cancel.
The above UV cancellations become incomplete, however, when different quark bases, e.g.
with different residues and effective masses, are used for the vacuum and at finite density (Fig.1).
Attaching ∗ to the medium modified quantities, Eq.(2) changes into∫
~p
[F∗(~p)θ(E∗(~p)− µ)− F (~p)] =
∫
~p
F∗(~p) θ (µ− E(~p)) +
∫
~p
[F∗(~p)− F (~p)] , (3)
where the last term is associated with the changes in bases. It is plausible to have the asymptotic
behavior F∗(~p) ∼ F (~p) + c/~p2 at large |~p|, with the coefficient c reflecting the difference of the
bases. But even with this damping behavior there remain the quadratic UV divergences.
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To handle this sort of UV divergences, it is necessary to keep track all changes generated
by modifications of bases. In this paper we will argue how to assemble these UV divergences
to cancel. In particular we discuss which contributions should be included together in a given
truncated calculation. For example, in calculations to include vacuum fluctuations from both
quarks and hadrons as composite particles, the UV divergences in the zero point energies of
quarks can be cancelled with those from hadrons, if both contributions are treated in a consistent
manner.
2. The 2PI action
To keep track all impacts associated with modifications of quark bases, it is useful to use the
formalism of the two particle irreducible (2PI) action, developed by Luttinger-Ward [5], Baym-
Kadanoff [6, 7], and its relativistic version by Cornwall-Jackiw-Toumbolis [8]. The renormaliz-
ability of the 2PI action was first discussed by van Hees and Knoll for scalar field theories at
finite temperature [9], and the analyses were refined in seminal works [10]. The analyses have
been further extended to generate the resummed vertices consistent with the Ward identities [11].
The QED case was discussed in [12]. In the presence of chemical potential, the charged scalar
field theories were discussed in [13] where the authors clarified how the Silver Blaze property is
maintained in the 2PI formalism. On the other hand, to the best of our knowledge, the renormal-
izability of fermion theories with finite chemical potentials has not been discussed explicitly, and
we will discuss it below.
The 2PI action I[S;µ] is given as a functional of a quark propagator S,
I[S;µ] = TrLnS + Tr
[
S
(
S−1 − (Sµtree)−1
)]
+ Φ[S] , (4)
which includes a tree level propagator (in Euclidean space), Sµtree(p) = S
µ=0
tree (p˜) = − (/˜p−m)−1,
with the current quark mass m and with momenta p˜µ = (p0 − iµ, pj). The Φ functional is the
sum of 2PI graphs composed of dressed quark propagators1 and the counter terms necessary for
the renormalization of the vacuum self-energies and vertices. The variation of Φ with respect to
S yields the graphs for the quark self-energies, and if we choose S to give the extrema, it satisfies
the Schwinger-Dyson equation,
δI[S;µ]
δS(p)
= S−1(p)− (Sµtree)−1(p)− Σ[S](p) = 0 , Σ[S](p) = −
δΦ[S]
δS(p)
. (5)
1We can also consider the functional of gluon propagators, but to take the shortest path to illustrate our points
we consider only S as variables.
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The solution of the Schwinger-Dyson equation is written as Sµ∗ (p) and the corresponding self-
energy as Σµ∗(p) ≡ Σ[S
µ
∗ ](p). If we further differentiate Φ[S] by S, we get kernels with the 3-, 4-,
and more-external legs.
As far as we concern functionals of propagators but not vertices, the renormalization programs
of the vacuum self-energies and vertices are the same as the BPHZ scheme [14, 15], except replace-
ment of perturbative propagators with the full ones. Strictly speaking the full propagators should
be such that their asymptotic behaviors do not spoil the power counting used for the BPHZ, and
we will consider only such class of solutions for Sµ=0∗ . Below we assume that these renormalizations
were already done in the vacuum so that Sµ=0∗ ,Σ
µ=0
∗ , · · · are all renormalized, and the counter
terms are all fixed. Then no additional counter terms are necessary for in-medium self-energies
and vertices; for instance in solving the Schwinger-Dyson equation for the in-medium self-energy,
one can expand Σ[S] around Sµ=0∗ ,
Σ[S](p) = Σ[S
µ=0
∗ ](p) +
∫
k
δΣ[S
µ=0
∗ ](p)
δS(k)
(
S(k)− Sµ=0∗ (k)
)
+ · · · , (6)
where the logarithmic divergences as well as the counter terms are hidden in the vacuum quantities.
The first term in the RHS is the renormalized vacuum self-energy and is finite. The second term is
a renormalized 4-point vacuum function whose two legs are contracted with S−Sµ=0∗ . Considering
the fact that the contraction of S with two legs of 4-point function yields only the logarithmic
divergence, the replacement S → S − Sµ=0∗ is enough to get the UV finite result, as far as we
consider a class of solutions such that S − Sµ=0∗ ∼ 1/p2 at large momenta. The other n-point
functions will be treated in the same say.
Now we consider our main concern in this paper, the 0-point function,
IR[S;µ] ≡ I[S;µ]− I[Sµ=0∗ ;µ = 0] . (7)
In order to show that the vacuum subtraction makes the 0-point function UV finite, we first make
a decomposition,
IR[S;µ] =
(
I[S;µ]− I[Sµ‖ ;µ]
)
−
(
I[Sµ‖ ;µ]− I[Sµ=0∗ ;µ = 0]
)
≡ I∆S[S;µ] + I∆µ . (8)
where we have introduced an in-medium propagator made of quark bases optimized for the vacuum,
Sµ‖ (p) ≡ Sµ=0∗ (p→ p˜) =
[
−/˜p+m+ Σµ‖(p)
]−1
, Σµ‖(p) ≡ Σµ=0∗ (p→ p˜) . (9)
We note that in general Sµ‖ does not minimize I[S;µ] hence Σ
µ
‖ differs from −δΦ/δS|Sµ‖ .
The functional I∆S[S;µ] is the energy cost or gain associated with the change of bases from the
vacuum one. Clearly at S = Sµ‖ the functional is I∆S = 0, showing that at least for some class of
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Figure 2: The contour C taken in Eq.(10).
S the functional I∆S is UV finite. So the rest of the question is whether I∆µ is UV finite. This can
be discussed following a conventional treatment. For the moment we introduce an infinitesimal
temperature T and use the Matsubara formalism with p˜→ ωn−iµ where ωn = (2n+1)piT . Noting
that the µ and p0 always appear together in the combination p˜0, one can isolate the vacuum piece
in I[Sµ‖ ;µ] by writing it in the form of I = TrF ,
I[Sµ‖ ;µ] = T
∑
n
∫
~p
F~p(iωn + µ) =
∫
C
dp0
2pii
F~p(p0)
eβ(p0−µ) + 1
→
∫
~p
∑
E~p
[1 + θ(µ− E~p)]F~p(E~p) , (10)
where the contour C is shown in Fig.2 and E~p’s are possible poles whose values are bound by µ.
Here we are using the quark bases same as the vacuum, so the function F~p takes the exactly same
form as in the vacuum, hence the UV divergent piece, which is not bound by µ, can be completely
cancelled by the vacuum subtraction. With this we conclude the function I∆µ is UV finite.
3. The structure of I∆S
Our main concern in this paper is the UV contributions associated with the change of bases,
which are non-perturbative effects summarized in the functional I∆S[S;µ]. By construction
I∆S[S;µ] is guaranteed to be UV finite, as I∆S can be made zero by choosing S = S
µ
‖ . As S
departs from Sµ‖ , the UV contributions come into play. The question is how much these propa-
gators can be different, or what class of S is acceptable. In principle by solving the Schwinger-
Dyson equation one automatically rejects S which yields the UV divergence. Nevertheless the
consideration of this question is important in practice. For example, in numerically solving the
Schwinger-Dyson equations by iterative methods, the understanding of the UV behavior helps us
to find efficient trial functions to begin with. Or for some Φ-functional even such efficient Ansatz
costs too much time; in that case we need to restrict the possible form of S by introducing finite
number of variational parameters, or by relying on some physical insights. For the description of
hadronic correlations in quark matter, the Φ-functional we will need should have infinite number
of loops, so approximations for S should be as simple as possible.
For these reasons we analyze the UV structure of the functional I∆S and the condition required
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for S. Let us first focus on the “single particle” contribution TrLnS, for which
TrLnS − TrLnSµ‖ = −TrLn
(
1 + Sµ‖
(
S−1 − (Sµ‖ )−1
))
∼ −Tr
[
Sµ‖
(
S−1 − (Sµ‖ )−1
)]
, (11)
whose contribution diverges unless the difference of the self-energies of S and Sµ‖ damps faster
than the power of ∼ /p/p4, with the extra 1/p4 suppression. But this requirement looks too strong:
although the infrared effects likely decouple at high energy, from the dimensional ground it is
natural to expect the extra suppression of ∼ 1/p2. For instance when the BCS type gap appears
by medium effects2, the propagator for a quasi-particle is p0−i
√
(E − µ)2 + ∆2 ∼ p˜0−i(E+∆2/|~p|)
at large momenta, and the gap effects damp as ∼ /p/p2, which is too slow to make Eq.(11) UV
finite.
This level of strong damping is also required for the terms in I∆S other than TrLnS to be free
from the UV divergences. Actually, the apparent strong UV sensitivity is eliminated by assembling
these contributions, and it turns out that I∆S can be expressed by powers of S−Sµ‖ starting with
the quadratic order, as we will check below. This relaxes the condition on the solutions S = S∗,
and makes the physics in the infrared much less dependent on the UV physics.
For the sake of arguments we will count the degree of divergence for a class of S whose
asymptotic behavior is S−1 − (Sµ‖ )−1 ∼ /p∆2/p2. Here ∆ is some non-perturbative scale in the
infrared. We first isolate the leading UV contribution of ∼ ∆2Λ2UV from the “single particle”
contribution,
Tr
(
LnS − LnSµ‖
)
= IL1 [S]− Tr
[
Sµ‖
(
S−1 − (Sµ‖ )−1
)]
, (12)
where
I1[S] ≡ Tr
(
LnS − LnSµ‖
)
+ Tr
[
Sµ‖
(
S−1 − (Sµ‖ )−1
)]
∼ Tr
[
Sµ‖
(
S−1 − (Sµ‖ )−1
)]2
. (13)
For S being discussed the functional I1 behaves as ∼ ∆4 ln ΛUV. Next, the isolated piece which
would have quadratic divergence is combined with the other terms in I∆S, leaving us with
I2[S] ≡ −Tr
[
Sµ‖S
−1 − 1
]
+ Tr
[
1− S(Sµtree)−1
]− Tr [1− Sµ‖ (Sµtree)−1]+ Φ[S]− Φ[Sµ‖ ]
= Φ[S]− Φ[Sµ‖ ] + Tr
[ (
S − Sµ‖
) (
S−1 − (Sµtree)−1
) ]
. (14)
Expanding Φ[S] around Sµ‖ ,
I2[S] = Tr
[(
S − Sµ‖
)(
S−1 − (Sµtree)−1 − Σ[S
µ
‖ ]
)]
+
∑
n=2
1
n!
Tr
[(
S − Sµ‖
)n δnΦ
δSn
∣∣∣∣
Sµ‖
]
. (15)
2The momentum independence of the BCS gap is the consequence of contact interactions. If we use more
realistic long-range interactions the gap functions decrease at large momenta.
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Figure 3: . The resummed diagram producing mesonic states and the counter term contracted with a full propa-
gator.
(Reminder: in general Σµ‖ 6= Σ[S
µ
‖ ] so that Sµ‖ 6= (Sµ −1tree + Σ[S
µ
‖ ])−1.) The first term would be
quadratically divergent. But for a class of S that approaches (Sµtree)
−1 + Σ[S
µ
‖ ] at large momenta,
the degree of divergence reduces to the logarithmic one. For solutions of the Schwinger-Dyson
equation, Sµ∗ , we have
Σ[S
µ
∗ ] − Σ[Sµ‖ ] = −(Sµ∗ − Sµ‖ )
δ2Φ
δS2
∣∣∣∣
Sµ‖
+ · · · , (16)
so I2[S
µ
∗ ] start with the quadratic powers of S∗ − S‖, hence is the order of ∼ ∆4 ln ΛUV.
Thus we have verified that, if S−1− (Sµ‖ )−1 ∼ /p∆2/p2, the energy shift I∆S = I1 +I2 associated
with the changes in bases is the order of ∼ ∆4 ln ΛUV. The rest of our task is to examine the
possible logarithmic divergences. Although we have looked for the possibility of their cancellations,
we were not able to find general reasoning why this is the case. So at this point we are forced
to think of the following possibilities: (i) the infrared effects decouple faster than the behavior
S−1 − (Sµ‖ )−1 ∼ /p∆2/p2; (ii) the non-perturbative effects in the infrared decouple as expected
in naive power counting, but each of Sµ∗ and S
µ
‖ has a damping behavior faster than ∼ 1//p,
that is, has the positive anomalous dimension as found in the perturbative results improved by
the renormalization group. We also note that in asymptotic free theories the kernel, δnΦ/δSn,
approaches the weak coupling results in which the coupling constant zero at high energy. This also
tempers the logarithmic divergences. While these possibilities seem to us feasible in asymptotic
free theories, the detailed discussion on these effects is beyond the scope in this paper.
4. The zero point energy of composite particles
While the preceding sections on the 2PI action may not be quite new for experts familiar with
this formalism, the cancellation of quadratic divergences between single particle contributions
and the rest is hardly trivial from qualitative point of view. This can look more spectacular in
discussions of the 2-, 3-, or more particle correlations with resonance poles [20, 21] which arise
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from the resummation of graphs in the Φ-functional. If we pick up one of mesonic states in vacuum
and medium, their energy difference contributes the quadratic divergence to the energy,
∼
∫
~p
(√
m2∗ + ~p2 −
√
m2vac + ~p
2
)
∼ (m2∗ −m2vac)Λ2UV . (17)
(This belongs to the power counting assumed in the previous section.) The situation becomes
even more complicated when we start to take into account the disappearance of hadronic states
and their decays into quarks. It looks very difficult to handle these UV effects starting with
hadronic descriptions then putting the quark substructure effects as corrections, because there
are too much freedom or no guideline in purely hadronic descriptions. Rather it is safer to start
with quark descriptions to write down the energy functional insensitive to the UV physics, and
then focus on some relevant hadronic contributions generated in the Φ-functional. In this respect
the 2PI action has the advantage, as the functional I1 and I2 could be written in the form where
the most dangerous quadratic UV divergences is already cancelled, allowing us to focus on the
physical effects in the infrared.
To be concrete we take up 2-body correlations as an example. The corresponding Φ-functional
(with the counter terms) is shown in Fig.3. This kind of resummation has been standard in the
context of the BEC-BCS crossover [22, 23, 24] in which it is important to construct composite
bosons from fermions. Often used approximation for the thermodynamic potential includes the
contributions from the mean field single particle energy plus the Gaussian pair fluctuations. Its
relativistic extension was attempted in [25, 26]. From the viewpoint of the 2PI framework, however,
it does not treat the quark self-energy and Φ-functional consistently and the analyses would
suffer from the quadratic divergences. In non-relativistic theories the problems of the quadratic
divergences do not appear because the fermion propagator damps as ∼ 1/~p2. In relativistic
theories, however, one must go beyond this approximation; it is necessary to use the fermion
self-energy including pair fluctuations which is used to cancel the quadratic divergences in the
Φ-functional, e.g. Eq.(17).
The 2PI graphs for mesons include 2-quark lines (Fig.3). The free streaming 2-body propagator
is given by
G0αα′;ββ′(p+, p−) = Sαα′(p+)Sββ′(p−) , p± = p±
k
2
, (18)
where k is the total momentum of a meson which is conserved, while p is the relative momentum.
Using the 2PI vertices with 4-legs, the resummed 2-body propagator is given in a symbolic form
as
G = G0 + G0VG0 + · · · = G0
1− VG0 , (19)
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Figure 4: The quadratic divergence in mesonic loop (made of 2-quark lines with the total momentum k) that
survives after the vacuum subtraction. The hard component (with p+  ΛQCD, µ), which is universal at finite
µ and in the vacuum, couples to the non-universal soft components (with p− ∼ ΛQCD, µ), leaving the medium
dependent divergences.
where the summation over internal momenta and other quantum numbers is implicit. Meanwhile,
in the 2PI diagrams we must attach the symmetry factor 1/(2n) for a diagram with n-2PI vertices,
so (the trace runs over the momenta p and k and other quantum numbers)
ΦM[S] =
∑
n=1
1
2n
Tr [(VG0)n] = − 1
2
Tr [Ln (1− VG0)] = 1
2
TrLn (G/G0)−1 . (20)
The function G/G0 may be identified as a mesonic propagator sandwiched by effective quark-meson
vertices. One also has the functional for the counter terms
Φcounter[S] = Tr [(δZ /˜p− δm)S] , (21)
which removes the logarithmic UV divergence in the Yukawa theory type diagrams (one loop
diagram made of a mesonic line and a quark line).
As advertised, there remain quadratic divergences after the vacuum subtraction. One might
think that realistically the quark self-energies inside of the loops damp at large momenta and it
would temper the divergences, but in fact those properties are not sufficient; this can be seen
(Fig.4) by considering the domain of the integration such that p+ →∞ but p− ∼ ΛQCD in which
the universal part of the quark propagator couples to the non-universal infrared part. This leaves
us with the UV divergences with the coefficients dependent on a medium.
These are the quadratic divergences cancelled in the functional I2[S]. The self-energy is
Σ[S](p) = − δΦM+counter[S]
δS(p)
=
1
2
[
1
1− VG0
δ (VG0)
δS(p)
]
− (δZ /˜p− δm) . (22)
In the functional I2[S], this term is contracted with (S − S‖) and then is subtracted from Φ[S].
The subdiagram which becomes non-universal when soft momenta flow into is taken care by the
part S − S‖, and as a result the quadratic UV divergences shown in Fig.4 are cancelled in the
functional I2.
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5. Summary
We have discussed how to perform UV finite computations at finite quark density. In particular
we analyze how to cancel the would-be UV divergences associated with the changes in bases. The
expression is grouped into several distinct pieces which are individually UV finite for plausible
class of full propagators S. This is practically convenient, because for each group we can use the
truncated version of full propagators without inducing any UV divergences.
Important applications in our mind are beyond mean field computations for dense quark equa-
tions of state, at densities relevant for the cores of neutron stars. There are suggestions that
equations of state from hadronic to quark matter are crossover-like [1, 17], based on the observa-
tions of neutron star mass-radius relations as well as the microscopic understanding on states of
QCD matter and relevant interactions [18]. To discuss how hadronic matter continuously trans-
forms into quark matter, we need a framework which enables us to describe not only single particle
contributions from quarks and gluons, but also those from the hadronic objects as composite par-
ticles. The present work is a step toward such computations.
Another issue which lead us to the quark descriptions is the intricate structure in nuclear
many-body interactions which are increasingly important beyond the empirical saturation point.
The nuclear matter computations suggest that already at baryon density around twice nuclear
saturation density, nB ∼ 2n0, the contribution from each of 3-body force to the energy density
is as large as 2-body force, but the sum of the former largely cancels, with which many-body
effects appear to be smaller than the sum of 2-body contributions (e.g. see Table V in [19]).
Similar situations happen for hadronic models including σ, pi, ω, · · · , etc., whose contributions show
significant cancellations. We are not aware of why this should happen within nuclear computations,
so it is desirable to look at microscopic descriptions with quarks to analyze the systematics of these
cancellations. These issues will be discussed elsewhere.
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